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We discuss the fate of classical type IV singularities in quantum cosmology. The framework is
Wheeler–DeWitt quantization applied to homogeneous and isotropic universes with a perfect fluid
described by a generalized Chaplygin gas. Such a fluid can be dynamically realized by a scalar field.
We treat the cases of a standard scalar field with positive kinetic energy and of a scalar field with
negative energy (phantom field). We first present the classical solutions. We then discuss in detail
the Wheeler–DeWitt equation for these models. We are able to give analytic solutions for a special
case and to draw conclusions for the general case. Adopting the criterion that singularities are
avoided if the wave function vanishes in the region of the classical singularity, we find that type IV
singularities are avoided only for particular solutions of the Wheeler–DeWitt equation. We compare
this result with earlier results found for other types of singularities.
PACS numbers: 04.60.Ds, 98.80.Qc
I. INTRODUCTION
It is well known that Einstein’s theory of general rela-
tivity predicts the occurrence of spacetime singularities.
A sufficient condition for this is the validity of certain
classical energy conditions, which leads to the classic
singularity theorems [1]. In many interesting situations,
these conditions are, however, violated. It has thus been
suggested that the classical energy conditions be replaced
by semiclassical conditions, which are often fulfilled in
cases of interest [2]. Independent of this generalization,
it is a fact that singularities occur even in situations in
which the classical energy conditions, notably the domi-
nant energy condition, are violated.
Such violations occur quite frequently in situations
where Dark Energy plays a role. Since observations in-
dicate that our Universe is currently accelerating, the
occurrence of singularities may be relevant for its future
evolution. Such singularities have been classified in [3],
see also [4–6] and [7] and the references therein. De-
pending on the variables that become divergent, they are
called type I (big rip) [8–10], type II (big brake, sudden
or big de´marrage) [11–13], type III (big freeze) [3, 14, 15]
and type IV [3, 16]. The mildest among these singular-
ities is the type IV singularity, which is the subject of
this paper. It is characterized by a divergence of higher
derivatives of the Hubble rate H , with H and H˙ itself
being finite at the singularity; it is a singularity only in
derivatives of curvature invariants, not in the invariants
themselves. Such a singularity takes place at a finite scale
factor and at a finite cosmic time. Since geodesics can
be extended through the type IV singularity, it is not a
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singularity in the sense of the standard definition used in
general relativity.
It is generally believed that a theory of quantum grav-
ity should avoid such singularities. Unfortunately, there
does not yet exist a full theory in complete form, but only
a couple of approaches, such as quantum geometrody-
namics, path-integral quantization, loop quantum grav-
ity, and string theory [17]. The question of singular-
ity avoidance can thus only be addressed in a concrete
approach and only for concrete simplified situations.
These situations are typically either gravitational col-
lapse with spherically symmetric metrics or homogeneous
cosmologies. Most investigations in cosmology deal with
Friedmann–Lemaˆıtre–Robertson–Walker (FLRW) mod-
els, because our observed Universe can be described ap-
proximately by such models. We shall also do this here
in our investigation of the fate of type IV singularities in
quantum cosmology.
Our analysis is based on the most conservative ap-
proach to quantum gravity – quantum geometrodynamics
with the Wheeler–DeWitt equation as its central equa-
tion. For the situation here, this is a partial differential
equation for a wave function that depends on the scale
factor, a, of the FLRW model, as well as on matter de-
grees of freedom (below, a homogeneous scalar field φ).
It has already been shown that singularity avoidance
can happen in the quantum versions of models with a big
rip [18, 19], a big brake or big de´marrage [20, 21], and
big freeze [21], cf. [22] and [23] for reviews. As sufficient
(though by no means necessary) conditions for singular-
ity avoidance, the vanishing of the wave function at the
region of the classical singularity [20] or the breakdown
of the semiclassical approximation (dispersion of wave
packets) [18] were postulated.
Type IV singularities are essentially different from the
singularities discussed in these earlier papers, and this is
why they deserve a separate treatment. It will become
clear in the course of this paper that the rather mild na-
2ture of these singularities leads to a much more restrictive
degree of avoidance than the other types of singularities.
For singularity avoidance, we adopt here the criterion
that the wave function vanishes in the corresponding re-
gion in configuration space. This is a sufficient (but not
necessary) criterion that goes back to DeWitt’s pioneer-
ing paper on canonical quantum gravity [24].
We must emphasize that it does not make sense to talk
of quantum avoidance of singularities without specifiying
the concrete model, in particular, the form of the poten-
tial in the Wheeler–DeWitt equation. The situation is
well known from quantum mechanics, which also by it-
self does not cure the classical singularities. In the case
of the Coulomb potential, singularity avoidance is obvi-
ous. But for many other singular potentials, this does
not happen [25]. It is an amazing aspect of Nature that
potentials which are physically relevant are singularity
free. The same may happen in quantum cosmology.
Our paper is organized as follows. In Sec. II, we discuss
classical models with a standard and a phantom scalar
field which lead to a type IV singularity. The classi-
cal equation of state is given by a generalized Chaply-
gin gas. We address, in particular, the trajectories in
configuration space and the exact form of the potential.
Sec. III is devoted to the quantum analysis of these mod-
els and constitutes the central part of our paper. We
show that singularity avoiding solutions to the Wheeler–
DeWitt equation exist, but that they form only a subset
of all normalizable solutions. In Sec. IV we present our
conclusions and an outlook on further investigations.
II. CLASSICAL MODEL
The generalized Chaplygin gas (GCG) is a perfect fluid
with a relatively simple equation of state and a surpris-
ingly wide range of applications [26–31]. It can, for ex-
ample, describe and unify different matter contents in the
universe; moreover, it can model a universe with almost
all kinds of singularities [15]. It can, in particular, also
induce a type IV singularity. This is the case of interest
here.
The GCG fulfills the equation of state [26, 28]
P = − A
ρβ
, (1)
where A and β are constants with arbitrary sign. (The
usual Chaplygin gas corresponds to the choicesA > 0 and
β = 1 [26].) Imposing the conservation of the energy–
momentum tensor of such a fluid, one obtains the equa-
tion ρ˙ + 3H(ρ + p) = 0, which can readily be solved to
yield
ρ =
(
A+
B
a3(1+β)
) 1
1+β
, (2)
with B as an arbitrary (real) constant. We shall now
discuss the case for which this behavior corresponds to a
type IV singularity [15]. We restrict ourselves to the case
of a spatially flat FLRW universe.
A. Standard GCG and type IV singularity
A GCG fulfilling the null, strong, and weak energy
conditions can induce a type IV singularity in the future
if A < 0, B > 0 and − 12 < β < 0 being β 6= 1/(2p)− 1/2,
where p is a positive integer [15]. Then the energy density
(2) and pressure can be expressed as
ρ = |A| 11+β
[(amax
a
)3(1+β)
− 1
] 1
1+β
, (3)
P = |A| 11+β
[(amax
a
)3(1+β)
− 1
]− β1+β
, (4)
where amax is defined by
amax :=
∣∣∣∣BA
∣∣∣∣
1
3(1+β)
, (5)
which will play the role of the maximum scale factor. We
recognize from (3) and (4) that the energy density and
pressure go to zero as the scale factor approaches amax.
Nevertheless, this FLRW universe will face at a = amax
a type IV singularity [15], see the remarks below.
The Friedmann equation for flat spatial sections with
this matter content can be integrated analytically, result-
ing in
B
[
1
2(1 + β)
,
2β + 1
2(1 + β)
]
− B
[(
a
amax
)3(1+β)
,
1
2(1 + β)
,
2β + 1
2(1 + β)
]
=
√
3κ|A| 12(1+β) (1 + β)t, (6)
where B[γ, δ] and B[x, γ, δ] denote the beta function and
the incomplete beta function, respectively (cf. Sec. 6.2. in
[32]); κ is defined by κ2 = 8πG, where G is the grav-
itational constant. Finally, t stands for the time that
elapses from a given finite value of the scale factor to its
maximum value amax. For − 12 < β ≤ 0, it assumes a
finite value, but it becomes infinite in the limiting case
β → − 12 . We can rewrite the previous expression as
(cf. Eq. 15.1.20 in [32])
2(1 + β)
{
F
[
1
1 + β
,
1
1 + β
; 1 +
1
1 + β
; 1
]
−
(
a
amax
) 3
2
F
[
1
1 + β
,
1
1 + β
; 1 +
1
1 + β
;
(
a
amax
)3(1+β)]}
=
√
3κ|A| 12(1+β) (1 + β)t. (7)
where F[γ, δ; ǫ;x] denotes a hypergeometric function
(cf. Chap. 15. in [32]). One can show directly from this
3expression that t is finite until β → − 12 where it becomes
infinite.1 This exact result coincides, as it should, with
the approximation that is presented in [15].
The n-th derivative of the Hubble parameter blows up
at a = amax if β 6= 1/(2p)−1/2, where p is a positive inte-
ger. It can be expressed as n = 1+E(1/(1+2β)), where
E denotes the integer value function [15]. Therefore, the
(n − 1)-th derivative of the scalar curvature diverges at
a = amax, resulting in a type IV singularity at a = amax.
A universe filled with this kind of matter content is
dust-dominated at small scale factors, that is, p/ρ ≪ 1,
facing a big bang singularity where the energy density
and pressure diverge. When the universe approaches
amax, this universe encounters a type IV singularity. For
β = −1/2, even though it takes an infinite time for the
universe to reach its maximum size, the Hubble parame-
ter and all its cosmic time derivatives are finite (in fact,
they vanish).
A perfect fluid of this type can be dynamically imple-
mented by a scalar field that is either minimally coupled
or kinetically driven (a kind of Born–Infeld scalar field or
K-essence field; see, for example, [29]). For simplicity, we
shall stick here to a minimally coupled scalar field with
standard energy density and pressure2, that is,
ρφ =
1
2
φ˙2 + V (φ), pφ =
1
2
φ˙2 − V (φ), (8)
where the dot stands for the derivative with respect to
cosmic time t. In terms of the scale factor, the kinetic en-
ergy and the potential of the scalar field can be expressed
as
φ˙2 = |A| 11+β
(
amax
a
)3(1+β)
[(
amax
a
)3(1+β) − 1] β1+β , (9)
V (φ) =
1
2
|A| 11+β
(
amax
a
)3(1+β) − 2[(
amax
a
)3(1+β) − 1] β1+β . (10)
Consequently, the scalar field scales with the scale factor
as
|φ− φmax|(a) (11)
=
2
√
3
3κ|1 + β| ln
[(amax
a
) 3
2 (1+β)
+
√(amax
a
)3(1+β)
− 1
]
,
where φmax stands for the value acquired by the scalar
field at a = amax, where the singularity is situated. For
1 A hypergeometric function F(b, c; d; e), also called a hypergeo-
metric series, converges at any value e such that |e| ≤ 1, when-
ever b + c − d < 0. However, if 0 ≤ b + c − d < 1 the series
does not converge at e = 1. In addition, if 1 ≤ b + c − d, the
hypergeometric function blows up at |e| = 1 [32].
2 The dynamics of a scalar field is usually richer than when mapped
to a perfect fluid.
simplicity, we will set φmax to zero. In Fig. 1, we show
the kinetic energy of the scalar field and the dependence
of the field on the scale factor, that is, the classical tra-
jectory in configuration space.
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FIG. 1. The kinetic energy of the scalar field (top) and the
dependence of the field on the logarithmic scale factor α =
ln(a/amax) (bottom). In the upper Figure, the value β =
−
√
2/3 is chosen. The singularity is at φ = 0, where a = amax.
The scalar field potential can be written as
V (φ) = V1
[
sinh
2
1+β
(√
3
2
κ|1 + β||φ|
)
− sinh− 2β1+β
(√
3
2
κ|1 + β||φ|
)]
, (12)
where V1 = |A|
1
1+β /2, cf. [21]. The potential is displayed
in Fig. 2 for a typical value of β.
Notice that near amax (φ = 0) the potential is negative
and finite. This is not surprising, since in a type IV
singularity both the energy density and the pressure are
finite. We emphasize that the potential (12) is of the form
of a double-well potential and is regular everywhere. This
is in stark contrast to the cases discussed in [18, 20, 21]
and is connected with the soft nature of the type IV
singularity. It will have direct consequences for the study
of the quantum theory below.
Close to the type IV singularity, the potential can be
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FIG. 2. The potential defined in Eq. (12) as a function of
the scalar field for the value β = −
√
2/3 (we have chosen
this value for β to make sure that it cannot be written as
1/(2p) − 1/2, where p is an integer). It has the form of a
double-well potential well known from quantum mechanics.
approximated as
V (φ) ≃ −V1
(√
3
2
κ|1 + β||φ|
)− 2β1+β
, (13)
cf. Eq. (16) in [21]. In the limiting case β = −1/2, this
corresponds to an inverted harmonic oscillator.
At small scale factor (or large value of the scalar field),
the potential can be approximated by the exponential
form
V (φ) ≃ 2− 21+β V1 exp
(√
3κ|φ|
)
. (14)
Such a potential occurs also in the cases of the big rip
with a phantom field [18] and the big bang with an anti-
Chaplygin gas [20]. In the latter case, it was shown that
the big-bang singularity is avoided in the quantum theory
simultaneously with the big-brake singularity, which is
present in the classical version of this model. Indeed,
a similar expression to (14) can be found as well for a
big freeze model induced by a standard GCG, but where
the dust-like behavior (p/ρ ∼ 0) is reached at large scale
factors rather than at small scale factors [21].
B. Phantom GCG and type IV singularity
A phantom GCG violating the null energy condition
can induce a type IV singularity in the past if A > 0,
B < 0 and, as above, − 12 < β < 0 being β 6= 1/(2p) −
1/2, where p is a positive integer [15]. Then, the energy
density (2) and the pressure can be expressed as
ρ = |A| 11+β
[
1−
(amin
a
)3(1+β)] 11+β
, (15)
P = −|A| 11+β
[
1−
(amin
a
)3(1+β)] −β1+β
, (16)
where here
amin :=
∣∣∣∣BA
∣∣∣∣
1
3(1+β)
, (17)
thus leading to a minimal value for the scale factor in-
stead of a maximum value as in the corresponding case
(5) for the standard field. The type IV singularity is
now located at a = amin. Notice that the cosmic time
derivatives of the Hubble rate, in this case, are similar to
those presented in the previous subsection and therefore
the proof of the existence of a type IV singularity follows
directly.
The Friedmann equations can again be integrated an-
alytically, resulting in (cf. section 6.2. in [32])
B
[(
a
amin
)3(1+β)
, 0,
2β + 1
2(1 + β)
]
=
√
3κA
1
2(1+β) (1 + β)t,
(18)
where t stands for the time that has elapsed from the
beginning of the expansion at amin, that is, at a type
IV singularity, until it has reached a given finite size a.
Notice that even though the incomplete beta function
in the previous expression assumes the value zero in its
second argument, it is well defined.
At very large values of the scale factor, the universe
becomes asymptotically de Sitter. For the limiting case
β = −1/2, even though it takes an infinite time for the
universe to reach a given size, the Hubble rate and all its
cosmic derivatives are finite (in fact, they vanish), similar
to the case in Sec. IIA.
Again, the fluid can be mapped to a scalar field that
is either minimally coupled (the case considered here)
or kinetically driven. Here, energy density and pressure
read
ρφ = −1
2
φ˙2 + V (φ), pφ = −1
2
φ˙2 − V (φ). (19)
Note the change of sign in the kinetic terms compared to
(8). In terms of the scale factor, the kinetic energy and
the potential of the scalar field can be expressed as
φ˙2 = A
1
1+β
(
amin
a
)3(1+β)
[
1− (amin
a
)3(1+β)] β1+β , (20)
V (φ) =
1
2
A
1
1+β
2− (amin
a
)3(1+β)
[
1− (amin
a
)3(1+β)] β1+β . (21)
Consequently, the equation in configuration space is
given by
|φ−φmin|(a) = 2
κ
√
3
1
1 + β
arccos
[(amin
a
) 3(1+β)
2
]
, (22)
where φmin stands for the value acquired by the scalar
field at amin. In Fig. 3, we have displayed the absolute
5value of the kinetic energy for the scalar field and the
change of the field in terms of the scale factor. The sin-
gularity is located at φ = 0 where we have set φmin = 0
for simplicity.
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FIG. 3. The kinetic energy of the scalar field (top) and the
dependence of the field on the logarithmic scale factor α =
ln(a/aamin) (bottom). In the upper Figure, the value β =
−
√
2/3 is used. The singularity is at φ = 0, where a = amin.
The scalar field potential can be written as
V (φ) = V−1
[
sin−
2β
1+β
(√
3
2
κ|1 + β||φ|
)
+ sin
2
1+β
(√
3
2
κ|1 + β||φ|
)]
, (23)
where V−1 = A
1
1+β /2 and 0 < (
√
3/2)κ|1 + β||φ| ≤ π/2,
cf. Eq. (21) in [21]. Notice that near amin (φ = 0), the
potential is positive and finite, in contrast to the cases
discussed in [21]. This is, again, not surprising, as in
a type IV singularity both the energy density and the
pressure are finite. The potential (23) is, in contrast to
the case of the standard field, periodic in φ. The shape of
the potential in terms of the scalar field is shown in Fig. 4.
In the expanding branch, the evolution starts from the
singularity located at φ = 0, then the scalar field rolls
up the potential and asymptotically reaches the top of
the potential, which is located at
√
3(β + 1)κφ/2 = π/2,
while a → ∞. Classically, the various parts (extensions
of the part shown in Fig. 4; i.e., for example, outside the
maxima of the potential marked with two vertical lines)
correspond to different classical solutions. This may have
consequences in the quantum theory.
Close to the singularity, the potential can be approxi-
mated by
V (φ) ≃ V−1
(√
3
2
κ|1 + β||φ|
)− 2β1+β
. (24)
We now turn to the quantum versions of these models.
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FIG. 4. The potential defined in Eq. (23) as a function of
the scalar field for the value β = −
√
2/3 (we have chosen
this value for β to make sure that it cannot be written as
1/(2p)−1/2, where p is an integer). The potential is periodic,
but the model we have discussed here corresponds to the range
of values of the scalar field that cover two consecutive maxima
(blue vertical lines).
III. QUANTUM ANALYSIS
In this section, we investigate the question whether
the classical type IV singularity can be avoided in the
quantum theory or not. In treating the Wheeler–DeWitt
equation, we apply the methods used in the earlier papers
[18, 20, 21]. We also want to emphasize that the quantum
cosmology of a GCG was first discussed in [33]. In our
case, we have for the wave function Ψ (α, φ) a Wheeler–
DeWitt equation of the form
~
2
2
(
κ2
6
∂2
∂α2
− ℓ ∂
2
∂φ2
)
Ψ(α, φ) + a60e
6αV (φ)Ψ (α, φ) = 0,
(25)
where a0 corresponds to the location of the singular-
ity, which is a0 = amax for the model of Sec. II.A and
a0 = amin for the model in Sec. II.B. Here, we have used
6the Laplace–Beltrami factor ordering, but our main re-
sults should be insensitive to the particular choice of or-
dering. The potential V (φ) is given by (12) for the stan-
dard scalar field and by (23) for the phantom scalar field
model. We shall use the rescaled scale factor a˜ := a/a0
instead of a in the following, which implies a˜0 = 1; but for
simplicity, we shall drop the tilde. We have introduced in
(25) as well α := ln(a/a0). In order to treat the phantom
and non-phantom cases in one equation, we have intro-
duced the parameter ℓ, which assumes the value ℓ = −1
for the phantom scalar field and ℓ = 1 for the ordinary
scalar field.
In order to solve this equation, we use the Born–
Oppenheimer (BO) type of ansatz first used in [34] and
write
Ψ(α, φ) = ϕk(α, φ)Ck(α), (26)
where k is a general (complex) parameter. In the BO
limit, we require that the functions ϕk satisfy the equa-
tion
− ℓ~
2
2
∂2ϕk
∂φ2
+ a60e
6αV (φ)ϕk = Ek(α)ϕk. (27)
In general, the study of the singularity structure (in the
mathematical sense) of this eigenvalue equation should
give us some insight into the quantum avoidance or non-
avoidance of the cosmological singularities [35].
A. Standard field
Let us first treat the standard (non-phantom) case
ℓ = 1; we set ~ = 1 for simplicity. For a general
value of β, it is difficult to treat this equation analyt-
ically. For this reason, we shall choose the particular
value β = −1/2. Strictly speaking, this value lies outside
the range −1/2 < β < 0 that we imposed earlier, but we
nevertheless expect that the qualitative features for this
limiting case reflect the generic situation; after all, the
appearance of the potential in Fig. 2 remains unchanged
in this limit. We shall draw conclusions for the general
case below.
For the value β = −1/2, (27) takes the following form:
− 1
2
∂2ϕk
∂φ2
+ a60V1e
6α
[
sinh4
(√
3
4
κφ
)
− sinh2
(√
3
4
κφ
)]
ϕk
= Ek(α)ϕk. (28)
We introduce now the variable
x := sinh
(√
3
4
κφ
)
, (29)
where x > 0 corresponds to the upper branch of the tra-
jectory displayed in Fig. 1 (right) and x < 0 to the lower
branch. We skip the index k for simplicity. Equation
(28) now assumes the form
(
1 + x2
) ∂2ϕ
∂x2
+ x
∂ϕ
∂x
− ξx2(x2 − 1)ϕ = −ǫϕ, (30)
where
ξ :=
32V1a
6
0e
6α
3κ2
> 0, ǫ :=
32Ek(α)
3κ2
. (31)
Both ξ and ǫ depend on α, although we suppress this
dependence for notational simplification. Since (30) is
symmetric under x 7→ −x, both branches can be treated
on an equal footing.
With the separation ansatz ϕ = exp
(
−
√
ξ
2 x
2
)
H(x),
we find that H(x) obeys the following differential equa-
tion:3
(
1 + x2
) d2H
dx2
+
(
x− 2x (1 + x2)√ξ) dH
dx
−
((
1 + 2x2
)√
ξ − 2x2ξ
)
H = − ǫH. (32)
We can transform this equation into a standard form for
the confluent Heun differential equation (see e.g. [36] for
details on these functions) by performing the transfor-
mation z := −x2. Equation (32) then takes the following
form:
d2H
dz2
+
√
ξz2 − (√ξ − 1) z − 12
z(z − 1)
dH
dz
−
(
2ξ − 2√ξ) z +√ξ − ǫ
4z(z − 1) H = 0. (33)
Solutions to this equation are the Heun functions denoted
by Hc(u, v, w, δ, η; z), which depend on five parameters.
The canonical form of this differential equation is given
by (see e.g. p. 59, Eq. (13) in [37])
d2Hc
dz2
+
u z2 − (u− v − w − 2) z − v − 1
z(z − 1)
dHc
dz
+
(
δ + 12 u(v + w + 2)
)
z + 12 (w − u)(v + 1) + v2 + η
z(z − 1) Hc
= 0. (34)
Comparing this general form with our special case (33),
we find that (33) is solved by
H(z) = Hc
(√
ξ,−1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ; z
)
.
Consequently, (32) is solved by
H(x) = Hc
(√
ξ,−1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ;−x2
)
.
3 From now on, we only indicate the dependence on the variable x
and thus write ordinary differentials.
7A linearly independent solution to (32) is given by (see
e.g. p. 61, proposition 2-1, in [37])
H(x) = xHc
(√
ξ,
1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ;−x2
)
.
Therefore, ϕ can be written as the following linear com-
bination:
ϕ(x) = c1 e
−
√
ξ
2 x
2 Hc
(√
ξ,−1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ;−x2
)
+ c2 x e
−
√
ξ
2 x
2 Hc
(√
ξ,
1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ;−x2
)
, (35)
with constants c1 and c2. It is, in fact, well known
from quantum mechanics that the stationary Schro¨dinger
equation for a potential of the form appearing in (28) is
analytically solvable in terms of Heun functions; see, for
example, p. 265, Table II, in [38].
Although the general choice of Hilbert space in quan-
tum gravity is an open issue [17], it is reasonable to pro-
ceed here as in ordinary quantum mechanics and to de-
mand that the physically allowed wave functions ϕ(x)
approach zero for large argument. The Heun function
Hc appearing above has the property that it is regular at
the origin x = 0 ([36], p. 98),
Hc(·, ·, ·, ·, ·; 0) = 1 , (36)
and that it increases as a power for large x ([36], p. 101).
This increase as a power is compensated by the decrease
induced by the Gaussian factor in (35); the wave function
ϕ(x) in (35) thus satisfies the physical requirement that
it approaches zero at infinity.
We note that in the first term of (35) the variable x
appears only quadratically, so that this part of the wave
function is symmetric, whereas the second part of (35) is
antisymmetric and takes the value zero at the origin due
to the presence of the additional term x. Since x = 0
corresponds to the location of the singularity at φ = 0, it
is this second part that fulfills the condition of singularity
avoidance.
For general β, the equations become much more com-
plicated, but one can nevertheless draw general conclu-
sions without making explicit calculations. Let us present
the general arguments.
A sufficient criterium for singularity avoidance is the
vanishing of the wave function at the point of the classical
singularity. This corresponds in our case to the value
φ = 0. Can we implement here ϕ(α, 0) = 0? As one
knows from quantum mechanics, for a potential of the
form shown in Fig. 2 one has a spectrum that consists of
infinitely many discrete bound states. The ground state
ϕ0 is symmetric, and the excited states ϕn are alternately
antisymmetric and symmetric and have n nodes; between
two consecutive nodes of ϕn, there is a node of ϕn−1.
From this, it is clear that the antisymmetric solutions
vanish at φ = 0, while the symmetric solutions do not.
The difference to the cases discussed in [20] and [21] is
thus the following: whereas in these earlier papers the
vanishing of the wave function at the point of the classical
singularity is (at least in some of the cases considered)
enforced by its normalizability with respect to the L2
inner product, the type IV case discussed here allows such
solutions but does not enforce them. Singularity avoiding
solutions can here be constructed as superpositions of
states of the form (26), in which ϕk is an antisymmetric
eigenstate of (30). This argument holds for general β in
the allowed range, while the above solutions for β = −1/2
in terms of Heun functions is a special case that can be
written in explicit form; for the allowed eigenstates, the
‘energy’ ǫ is quantized.
We also have to look for the gravitational part of the
wave function (26). Inserting the ansatz (26) into the
Wheeler–DeWitt equation (25), we get an equation for
Ck(α),
κ2
6
(
2C˙kϕ˙k + Ckϕ¨k
)
+
(
κ2
6
C¨k + 2Ek(α)Ck
)
ϕk = 0,
(37)
where a dot indicates a derivative with respect to α. In
the BO approximation, one assumes that Ck varies much
more rapidly with α than with ϕk and neglects the back-
reaction of the matter part on the gravitational part; it
then follows that we can neglect the terms C˙kϕ˙k and
Ckϕ¨k [34]. This means that the matter part only con-
tributes its energy to the gravitational part via the term
Ek(α). With this approximation, we then have(
κ2
6
C¨k + 2Ek(α)Ck
)
ϕk = 0. (38)
Note that the parameter ℓ does not appear here, so that
this equation holds for both the standard scalar field and
the phantom field.
We do not know the exact expression for Ek(α), be-
cause these are the eigenvalues of (27), which cannot be
given in explicit form. But we can solve (38) in a WKB
approximation to obtain
Ck(α) ∼
(
12Ek(α)
κ2
)− 14 (
b1 exp
[
i
∫ √
12Ek(α)
κ2
dα
]
+ b2 exp
[
−i
∫ √
12Ek(α)
κ2
dα
])
, (39)
with constants b1 and b2. We note that Ek(α) is an
(α-dependent) eigenvalue of the Hermitian operator ap-
pearing in (28) and is thus real. They are positive in the
classically allowed region (a ≤ amax) and negative in the
classically forbidden region (a > amax). In order to re-
spect the correspondence to the classical limit, the wave
functions Ck(α) should exponentially decrease for large
α [39]. This is an important consistency condition. By
the standard WKB connection formulae, this then intro-
duces in (39) a relation between b1 and b2. Since all these
solutions are regular, they do not spoil our conclusions
on singularity avoidance.
8One would, of course, also get a solution that van-
ishes at the classical singularity if one demanded that
the Ck vanish there. This would entail a certain condi-
tion between the constants b1 and b2. Since the ensuing
functions Ck would then not decrease in the classically
forbidden region, we shall, however, disregard this possi-
bility.
An interesting aspect of this model is the possibility
of tunnelling from one well to the other, as can be seen
from the form of the potential displayed in Fig. 2. In this
way, the universe could avoid the singular region present
at the origin. A detailed study of tunnelling is, however,
beyond the scope of this paper.
In summary, singularity avoidance for type IV singu-
larities occurs only in special cases. In general, the sin-
gularity is not avoided.
B. Phantom field
The case of the phantom case can be treated analo-
gously to the case of the standard field, so we only report
the main steps.
Choosing ℓ = −1, β = −1/2, and using the phantom
potential (23), we arrive instead of (28) at the equation
− 1
2
∂2ϕk
∂φ2
− V−1e6α
[
sin4
(√
3
4
κφ
)
+ sin2
(√
3
4
κφ
)]
ϕk
= −Ek(α)ϕk. (40)
We introduce here the variable
y := sin
(√
3
4
κφ
)
, (41)
which then leads to the following equation for ϕk (drop-
ping, as before, the index k from now on):
(1− y2) ∂ϕ
∂y2
− y ∂ϕ
∂y
+ ξy2(1 + y2)ϕ = ǫϕ, (42)
with
ξ :=
32V−1a60e
6α
3κ2
, ǫ :=
32Ek(α)
3κ2
. (43)
Equation (42) replaces the equation (30) for the standard
case.
With the separation ansatz ϕ = exp
(
−
√
ξ
2 y
2
)
H(y),
we find that H(y) obeys
(
1− y2) d2H
dy2
−
(
y + 2y
(
1− y2)√ξ) dH
dy
+
((
2y2 − 1)√ξ + 2y2ξ)H = ǫH. (44)
We can again transform this equation into a standard
form for the confluent Heun differential equation by mak-
ing now the transformation z := y2. Equation (44) then
takes the form
d2H
dz2
−
√
ξz2 − (√ξ + 1) z + 12
z(z − 1)
dH
dz
−
(
2ξ + 2
√
ξ
)
z −√ξ − ǫ
4z(z − 1) H = 0. (45)
Comparing this with the above canonical form (34), we
find now that our equation (45) is solved by
H(z) = Hc
(
−
√
ξ,−1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ; z
)
,
and (44) is solved by
H(y) = Hc
(
−
√
ξ,−1
2
,−1
2
,−1
2
ξ,
3
8
+
1
4
ǫ;−y2
)
.
The main difference to the standard case is thus the sign
of the first entry in the Heun functions; another difference
is that y is here a periodic variable and normalizability is
thus not required (although the wave functions are still
not allowed to increase exponentially for large x). Except
for this change of sign, the solution for ϕ(y) is the same
as the earlier solution ϕ(x) in (35). The arguments pre-
sented for the standard case still apply, and we arrive at
the same conclusions for singularity avoidance as before.
As already remarked at the end of the last subsection,
the solution for the gravitational part is independent of
the parameter ℓ and is thus given also here by (39).
In spite of the close similarities between the standard
and the phantom cases, there exist nevertheless impor-
tant differences. In contrast to the potential for the
standard case given by (12), the phantom potential (23)
is periodic in φ; more precisely, it is symmetric under√
3κφ/4 → √3κφ/4 + π. Fig. 4 shows mainly that part
of the potential which by itself describes the entire clas-
sical solutions (bounded by the two vertical lines at the
maximum of the potential). Other parts of the poten-
tial correspond to different, though equivalent, classical
solutions. While these various branches correspond to en-
tirely independent classical solutions, the quantum the-
ory allows the occurrence of tunnelling. In quantum me-
chanics, this leads to the well studied concepts of Bloch
states, Brioullin zones, and energy bands for e.g. elec-
trons in a crystal. In quantum cosmology, this would be
relevant for the concept of a multiverse. A detailed study
of this issue is beyond the scope of this paper and will be
discussed elsewhere.
We can thus conclude that the type IV singularity is
in general also not avoided in the phantom case.
IV. CONCLUSIONS AND OUTLOOK
In this paper, we have investigated the fate of the type
IV cosmological singularity in quantum geometrodynam-
ics. The mild nature of this singularity at the classi-
cal level (geodesics can be extended through it and tidal
9forces remain finite) has left its imprint at the quantum
level: generic solutions to the Wheeler–DeWitt equation
do not vanish in the region of the classical singularity.
This is different from the situations encountered in earlier
papers. Guided from this example, one may formulate
the conjecture that weak singularities are not generically
avoided in quantum cosmology. A proof of this conjec-
ture may involve a general discussion of the singularity
structure of Equations (26).
As for the type IV singularity, singularity non-
avoidance is also prevalent in loop quantum cosmology
[40]. Except for some special cases (a certain parame-
ter choice for closed universes), the type IV singularity
remains there, too.
It has been remarked earlier that our condition of a
vanishing wave function signals singularity avoidance is
not sufficient; see, for example, [41]. The reason given
is the lacking knowledge about the physical inner prod-
uct for the Wheeler–DeWitt equation. While this is cer-
tainly true for the full equation, we can impose consis-
tently the standard L2 inner product in the case of the
homogeneous models considered here. Taking account
the standard measure (the square root of the determi-
nant of the DeWitt metric), the integrand appearing in
this inner product vanishes if the wave function vanishes.
At the heuristic level considered here, our model is self-
contained. We emphasize in this context that we do not
introduce a massless scalar field as an effective time vari-
able, in contrast to [41].
The conclusions drawn in this paper may, of course,
change if a different formalism or a different interpreta-
tion is used. It has been argued, for example, that one
should use the method of ‘time-depending gauge fixing’
and ‘reduction to physical degrees of freedom’ instead
of the Wheeler–DeWitt equation [23, 42]. For the big
brake discussed in [20], it was found that this reduction
method leads to a quantum non-avoidance instead of an
avoidance, and it has been claimed that the same is true
for all weak singularities; one can thus expect that it pre-
dicts quantum non-avoidance for the type IV singulari-
ties, too. Type IV singularities are also not resolved by
invoking quantum effects due to the conformal anomaly
in a certain class of f(R, T ) gravity models [43].
An example for a different interpretation is the use of
the Bohm approach. Here, it has been concluded that
singularities for the case of a flat universe and a massless
scalar field are avoided in the sense that the Bohmian
trajectories are non-singular [44]. One may expect that
this will be the case also for the cases discussed in our
paper. Other recent discussions of singularity avoidance
(although not for the type IV singularity) include the
maximal acceleration found from spinfoam theory [45]
and the avoidance of the big bang singularity in a
multiverse picture [46]. Future discussions of singularity
avoidance should attempt to obtain statements that can
be proven within a wide class of cosmological models.
ACKNOWLEDGMENTS
We gratefully acknowledge financial support from
the Foundational Questions Institute (http://fqxi.org/).
M.B.L. acknowledges the hospitality of the Institute of
Theoretical Physics of the University of Cologne dur-
ing the completion of part of this work. She is sup-
ported by the Basque Foundation for Science IKER-
BASQUE. This work was supported by the Portuguese
Agency Fundac¸a˜o para a Cieˆncia e Tecnologia through
PTDC/FIS/111032/2009 and partially by the Basque
government Grant No. IT592-13. C.K. thanks the In-
stituto Superior Te´cnico, Lisbon, and the Max Planck
Institute for Gravitational Physics, Potsdam, for their
kind hospitality while part of this work was done. M.K.
thanks the Instituto de Estructura de la Materia (CSIC)
in Madrid for its kind hospitality while part of this
work was done and acknowledges support by the Bonn–
Cologne Graduate School of Physics and Astronomy. An
interesting discussion with Antonino Flachi is gratefully
acknowledged.
[1] S. W. Hawking and G. F. R. Ellis, The Large-Scale Struc-
ture of Space–Time (Cambridge University Press, Cam-
bridge, 1973).
[2] P. Mart´ın-Moruno and M. Visser, JHEP 09 (2013) 050
[arXiv:1306.2076v3].
[3] S. Nojiri, S. D. Odintsov, and S. Tsujikawa, Phys. Rev.
D 71, 063004 (2005) [arXiv:hep-th/0501025v2].
[4] L. Ferna´ndez-Jambrina, and R. Lazkoz, Phys. Rev. D 70,
121503 (2004) [arXiv:gr-qc/0410124v2].
[5] C. Cattoe¨n and M. Visser, Class. Quant. Grav. 22, 4913
(2005) [arXiv:gr-qc/0508045v2]
[6] L. Ferna´ndez-Jambrina and R. Lazkoz, Phys. Rev. D 74,
064030 (2006) [arXiv:gr-qc/0607073].
[7] M. P. Da¸browski and T. Denkiewicz, AIP Conf. Proc
1241, 561 (2010) [arXiv:0910.0023].
[8] R. R. Caldwell, Phys. Lett. B 545, 23 (2002)
[arXiv:astro-ph/9908168v2].
[9] A. A. Starobinsky, Grav. Cosmol. 6, 157 (2000)
[arXiv:astro-ph/9912054].
[10] R. R. Caldwell, M. Kamionkowski, and N. N. Wein-
berg, Phys. Rev. Lett. 91, 071301 (2003)
[arXiv:astro-ph/0302506].
[11] J. D. Barrow, G. Galloway and F. Tipler, Mon. Not. Roy.
astr. Soc., 223, 835 (1986).
[12] J. D. Barrow, Class. Quant. Grav. 21, L79 (2004)
[arXiv:gr-qc/0403084v3].
[13] V. Gorini, A. Y. .Kamenshchik, U. Moschella and
V. Pasquier, Phys. Rev. D 69, 123512 (2004)
[arXiv:hep-th/0311111v2].
[14] M. Bouhmadi-Lo´pez, P. F. Gonza´lez-Dı´az, and
P. Mart´ın-Moruno, Phys. Lett. B 659, 1 (2008)
10
[arXiv:gr-qc/0612135v2].
[15] M. Bouhmadi-Lo´pez, P. F. Gonza´lez-Dı´az, and
P. Mart´ın-Moruno, Int. J. Mod. Phys. D 17, 2269
(2008) [arXiv:0707.2390v2 [gr-qc]].
[16] K. Bamba, S. ’i. Nojiri and S. D. Odintsov, JCAP 10
(2008) 045 [arXiv:0807.2575v2 [hep-th]].
[17] C. Kiefer, Quantum Gravity. Third edition (Oxford Uni-
versity Press, Oxford, 2012).
[18] M. P. Da¸browski, C. Kiefer, and B. Sandho¨fer, Phys. Rev.
D 74, 044022 (2006) [arXiv:hep-th/0605229].
[19] E. M. Barboza, Jr. and N. A. Lemos, Gen. Rel. Grav.
38, 1609 (2006) [arXiv:gr-qc/0606084v2].
[20] A. Kamenshchik, C. Kiefer, and B. Sandho¨fer, Phys. Rev.
D 76, 064032 (2007) [arXiv:0705.1688v2 [gr-qc]].
[21] M. Bouhmadi-Lo´pez, C. Kiefer, B. Sandho¨fer, and
P. Vargas Moniz, Phys. Rev. D 79, 124035 (2009)
[arXiv:0905.2421v2 [gr-qc]].
[22] C. Kiefer, J. Phys.: Conf. Ser. 222; 012049 (2010); Ann.
Phys. (Berlin) 19, 211 (2010).
[23] A. Yu. Kamenshchik, Class. Quantum Grav. 30, 173001
(2013) [arXiv:1307.5623v2].
[24] B. S. DeWitt, Phys. Rev. 160, 1113 (1967).
[25] W. Frank, D. J. Land, and R. M. Spector, Rev. Mod.
Phys. 43, 36 (1971).
[26] A. Y. Kamenshchik, U. Moschella, and V. Pasquier,
Phys. Lett. B 511, 265 (2001) [arXiv:gr-qc/0103004v2].
[27] N. Bilic´, G. B. Tupper, and R. D. Viollier, Phys. Lett. B
535, 17 (2002) [arXiv:astro-ph/0111325v2].
[28] M. C. Bento, O. Bertolami, and A. A. Sen, Phys. Rev. D
66, 043507 (2002) [arXiv:gr-qc/0202064v2].
[29] M. Bouhmadi-Lo´pez and J. A. Jime´nez Madrid, JCAP
05 (2005) 005 [arXiv:astro-ph/0404540].
[30] M. Bouhmadi-Lo´pez, P. Fraza˜o, and A. B. Henriques,
Phys. Rev. D 81, 063504 (2010) [arXiv:0910.5134v2
[astro-ph.CO]]; M. Bouhmadi-Lo´pez, P. Chen and Y. -
W. Liu, Phys. Rev. D 84, 023505 (2011) [arXiv:1104.0676
[astro-ph.CO]].
[31] M. Bouhmadi-Lo´pez, P. Chen, Y. -C. Huang, and Y. -
H. Lin, Phys. Rev. D 87, 103513 (2013) [arXiv:1212.2641
[astro-ph.CO]].
[32] M. Abramowitz and I. A. Stegun, Handbook of Mathe-
matical Functions. Nineth edition (National Bureau of
Standards, 1970).
[33] M. Bouhmadi-Lo´pez and P. Vargas Moniz, Phys. Rev. D
71, 063521 (2005) [arXiv:gr-qc/0404111].
[34] C. Kiefer, Phys. Rev. D 38, 1761 (1988).
[35] A. Flachi, personal communication.
[36] A. Ronveaux (ed.), Heun’s Differential Equations (Ox-
ford University Press, Oxford, 1995).
[37] A. Decarreau, M.-Cl. Dumont-Lepage, P. Maroni, A.
Robert, and A. Ronveaux, Annales de la Socie´te´ Scien-
tifique de Bruxelles 92, I–II, 53 (1978).
[38] A. Lemieux and A. K. Bose, Ann. Inst. Henri Poincare´,
Sect A: Phys. The´or., X, 259 (1969).
[39] C. Kiefer and H. D. Zeh, Phys. Rev. D 51, 4145 (1995)
[arXiv:gr-qc/9402036v2].
[40] P. Singh, Class. Quantum Grav. 26, 125005 (2009)
[arXiv:0901.2750v2 [gr-qc]]; P. Singh and F. Vidotto,
Phys. Rev. D 83, 064027 (2011) [arXiv:1012.1307 [gr-
qc]].
[41] A. Ashtekar and P. Singh, Class. Quantum Grav. 28,
213001 (2011) [arXiv:1108.0893v2 [gr-qc]].
[42] A. Y. Kamenshchik and S. Manti, Phys. Rev. D 85,
123518 (2012) [arXiv:1202.0174v2 [gr-qc]].
[43] M. J. S. Houndjo, C. E. M. Batista, J. P. Cam-
pos, and O. F. Piatella, Can. J. Phys. 91, 548 (2013)
[arXiv:1203.6084v2 [gr-qc]].
[44] F. T. Falciano, R. Pereira, N. Pinto-Neto, and E. Sergio
Santini, Phys. Rev. D 86, 063504 (2012) [arXiv:1206.4021
[gr-qc]].
[45] C. Rovelli and F. Vidotto, Phys. Rev. Lett. 111, 091303
(2013) [arXiv:1307.3228v2 [gr-qc]].
[46] S. J. Robles-Pe´rez, arXiv:1311.2379 [gr-qc].
